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Abstract 

The two-dimensional anisotropic Kuramoto-Sivashinsky equation is a forth- 
order nonlinear evolution equation in two spatial dimensions that arises in 
sputter erosion and epitaxial growth on vicinal surfaces. A generalization of 
this equation is proposed and studied via group analysis methods. The com- 
plete group classification of this generalized Kuramoto-Sivashinsky equation is 
carried out, it is classified according to the property of the self-adjointness and 
the corresponding conservation laws are established. 
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1. Introduction 

The celebrated Kuramoto-Sivashinsky Equation (KSE) 

1 , 

Ut + Uxxxx + Uxx + -jU x = 0, (1) 

where u = u(x,t), is an equation that for nearly half a century has attracted 
the attention of many researchers from various areas due to its simple and yet 
rich dynamics. It first appeared in mid-1970s by Kuramoto in the study of 
angular-phase turbulence for a system of reaction-diffusion equations model- 
ing the Belousov-Zhabotinskii reaction in three spatial dimensions pil [25L |26| 
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and independently by Sivashinsky in the study of hydrodynamic instabilities in 
laminar flame fronts 0, III, [10] . 

In a physical context equation ([T]) is used to model continuous media that 
exhibits chaotic behavior such as weak turbulence on interfaces between com- 
plex flows (quasi-planar flame front and the fluctuation of the positions of a 
flame front, fluctuations in thin viscous fluid films flowing over inclined planes 
or vertical walls, dendritic phase change fronts in binary alloy mixtures), small 
perturbations of a metastable planar front or interface (spatially uniform oscil- 
lating chemical reaction in a homogeneous medium) and physical systems driven 
far from the equilibrium due to intrinsic instabilities (instabilities of dissipative 
trapped ion modes in plasmas and phase dynamics in reaction-diffusion systems) 

I, EL M, 0, HQ- 



As a dynamical system the KSE is known for its chaotic solutions and com- 
plicated behavior due to the terms that appear. Namely, the u xx term acts as an 
energy source and has a destabilizing effect at large scale, the dissipative u xxxx 
term provides dumping in small scales and, finally, the nonlinear term provides 
stabilization by transferring energy between large and small scales. Because of 
this fact, equation (TTJ) was studied extensively as a paradigm of finite dynamics 
in a partial differential equation (PD E). Its multi-modal, oscillatory and chaotic 
solutions have been investigated jf ^ . [l7l [23l [29l I32I] . its non-integrability was es- 
tablished via its Painleve analysis [g, l36l . |45| and due to its bifurcation behavior 



a connection to low finite-dimensional dynamical systems is established 3, 47 1. 

The generalization of KSE to two dimensions comes naturally, the two- 
dimensional Kuramoto-Sivashinsky Equation, 

u t + V 4 m + V 2 u + (Vu) ■ (Vit) = 0, (2) 

where now u = u(x,y,t) and V 2 = V • V, V 4 = V ■ V(V ■ V). Eq. (JSJ) has 
equally attracted much attention because of the same spatiotcmporal chaos 
properties that exhibits and its applications in modeling complex dynamics 
in hydrodynamics 0, [l2|, 12, 28 1. Nevertheless, due to the additional spatial 



dimension equation ^ is very challenging and even its well-posedness is still an 
open problem @, [22| . 

One generalization of equation ([5} of much interest is the anisotropic two- 
dimensional Kuramoto-Sivashinsky Equation, 

~2^ x ~2^y ^xx ^^yy ^xxxx ^^xxyy ^yyyyi (^) 

where the two real parameters a,/3 control the anisotropy of the linear and 
the nonlinear term, respectively. In other words, the stability of the solutions 
of equation ([3]). The anisotropic two-dimensional Kuramoto-Sivashinsky Equa- 
tion, due to the fact that it describes linearly unstable surface dynamics in the 
presence of in-plane anisotropy, has a wide range of applications. For instance, 
as a model for the nonlinear evolution of sputter-eroded surfaces and describing 
the epitaxial growth of a vicinal surface destabilized by step edge barriers, for 
further details see [39| and the refereces therein, in particular [30| . 
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This paper focuses in the following generalization of the anisotropic KSE 



u t = \^u\ + h{u)u 2 y + r(u)u xx + g(u)u yy - u xxxx - 2u xxyy - u yyyy + f(u) (4) 

and its study under the prism of Lie point symmetries and conservation laws. 
(Here, /, h, g and r are considered smooth functions of u — u(x, y, t).) 

The symmetries of a differential equation are of fundamental importance 
since they are a structural property of the equation. In addition, finding the 
symmetries of a differential equation is an analytic method that can be applied 
to integrable and non-integrable equations alike. Nevertheless the symm etry 
analysis is constrained to rudimentary generalizations of equation ^ [34l |35| |. 
Things are worse when one looks for conservation laws. For the complexity of 
the calculations involved, the research is constrained to generalizations of the 
one dimensional Kuramoto-Sivashinsky Equation |4|. 

In this frame two different classifications are performed: the complete group 
classification and a classification with respect to the property of self-adjointncss. 
Having the symmetries for each possible case and the self-adjoint cases at hand, 
the conservations laws for that system by using the Noether operator J\f are 

obtained, see also dummi. 



Calculating the symmetries of the system ([3]), obtaining its adjoint system 
and applying the Noether operator to obtain the conserved vectors are well- 
defined algorithmic procedures. Nevertheless, the calculations involved are usu- 
ally very difficult and extensive even for the simplest equations. Thus, it may 
become very tedious and error prone. For that reason the use of computer al- 
gebra systems like Mathematica, Maple, Reduce, etc. and of special symbolic 
packages that are build based on them is very crucial. For this work the Math- 
ematica package SYM 1(| 11, i| was extensively used for all the results that 



follow. Namely, for obtaining the symmetries of the system, to get and simplify 
the adjoint system and the conserved vectors that emerge from the use of the 
Noether operator. 

In Section 2 the definitions and the analytical tools used are introduced. 
Section 3 explores the self-adjointness of equation (j4j. Then, the complete group 
classification of eq. (j4j is carried out in Section 4 followed by Section 5 where 
the conservation laws are established. Finally in Section 6 some comments and 
concluding remarks are presented. 



2. Notation and methodology 

We shall employ in this work the two analytical tools: the symmetry analysis 
and the use of the Noether operator identity for the explicit construction of 
conservation laws. For both the necessary definitions of the notions that will 
be encountered in the main body of this work are illustrated below, adapted 
accordingly to the needs of the present paper. 
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For brevity, we denote: 



\i\ + h(u)u 2 y + r(u)u xx + g(u)u yy - u xxxx - 2u xxyy - U yyyy -U t + f(u). 

2.1. Modern group analysis 

The symmetry or modern group analysis is a valuable analytic tool for the 
investigation of differential equations. For a full treatise of the subject there is 
a wealth of classical texts that encompass all aspects of the theory [l], 0, EH EH 



37, 38. 43] . 



Definition 2.1. Let the differential operator, 

x = £, 1 (x,y,t,u)d x + £, 2 (x,y,t,u)d y + £, 3 (x,y,t, u)d t + rj(x,y,t, u)d u . (5) 

This operator, from now on called infinitesimal generator, determines a Lie 
point symmetry of equation ([4]), if and only if, its action on the equation will 
be, modulo the equation itself, identically zero, that is: 

X (4) [A(x,y,t,u, u x , . . . ,u yyyy )) =0, (6) 

A(x,H,t,U,U :c ,...,Uyyyy)=0 

where is the fourth order prolongation of the operator X given by 

^ i) =^ + t,^U 7 ^—^ n -W (7) 

s=1 uu 'ii...i s 

with 

and the partial derivatives denoted by 

From the condition ((6]), called linearized symmetry condition, an overdetermined 
system of linear partial differential equations emerges. By solving this system, 
called the determining equations, we determine the coefficients £ 4 , rj of the in- 
finitesimal generator. Hence, the point symmetries of the equation. The group 
classification occurs in that phase: the determining equations contain also the 
functions /, g, h, r. The group classification is performed by investigating each 
case where specific relations among the unknown elements remove equations 
from the set of determining equations, and by doing that enlarging the set of 
solutions. 
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2.2. The adjoint and self-adjoint concept and conservation laws 

In accordance to [l9l . I20I [2lj we introduce the required notions that will 
enable us to construct conservation laws for the equation 

Definition 2.2. The adjoint equation to equation (Q} is 

where £ is the formal Lagrangian given by 

L = v(x, y, t)A(x, y,t,u,u x , . . . , u yyyy ). 

Here w is a new dependent variable, called also nonlocal variable, and S/Su is 
the Euler-Lagrange operator 



with u ilXiyyitt denoting d^+^^u/dx^dy^ dt H , i x ,i y ,i t > 0. 



Definition 2.3. We say that the equation (j4j is strictly self-adjoint if the ad- 
joint equation j5J becomes equivalent to the equation Q after the substitution 
v = u: 

5C _ 
Su 

with A a generic coefficient. 



AA(x, y, li, lix? • ■ • ) ^yyyy) i 



Definition 2.4. We say that the equation (Q| is quasi self-adjoint if the adjoint 
equation §8$ becomes equivalent to the equation ^ after the substitution v — 
4>{u), where 4>(u) 7^ 0. 

Definition 2.5. We say that the equation (jj) is nonlinearly self-adjoint if the 
adjoint equation ([SJ becomes equivalent to the equation (jj) after the substitu- 
tion v = 4>{x, y, t, u), where 4>{x, y, t, u) 7^ 0. 

Remark 2.6. The concept of the nonlinear self-adjointness can be further ex- 
tended by considering differential substitutions of the form 

v = <p(x,y,t,u,u (1) ,...,u {r )), 

where are the derivatives of u of order r. 

Remark 2.7. From the above definitions it is obvious that if an equation is 
strictly or quasi self-adjoint then it is also and nonlinearly self-adjoint. 
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Theorem 2.1 (Explicit formula for conserved vectors). Let equation (0| be 
nonlinearly self-adjoint and a (|5|) its Lie point symmetry. A conserved vector 
can be constructed by the the following formula: 

&=t*C+ Dl*Dl*D\t{W) — ,i = x,y,t, ii>0 (9) 

where 

W = T] - £}u x - £_ 2 u y - fu t , 
5*/5*u is the "weighted" Euler- Lagrange operator 
6*C _ d_ 

$ ^i x x i y yi±t fin 



(■ s ■) 

+ Y (-i) s t — ^l y,J l. — -/>;. n:, n; 



with Q ^ . ) = iiH ^ i | , N = i\ + %i + ■ ■ • + i r , the multinomial and C the 
formal Lagrangian after substituting with v = 4>(x, y,t,u). 

Proof. For a proof see □ 

Remark 2.8. From a conserved vector (C x ,C y , C*) the conservation law has the 
form 

D X (C X ) + D y (C y ) + D t (C*) = 
satisfied on the solutions of equation (j4|) . 

Definition 2.9. A conserved vector is called trivial if, 

• its divergence is identically zero and, 

• the components of the vector vanish on the solutions of equation Q . 
Remark 2.10. Only the nontrivial conserved vectors will be considered. 

3. The self-adjointness classification 

As it can be seen by the definitions of self-adjointness the first step is to 
obtain the adjoint equation. For equation ((3]) the adjoint equation is 

2(h(u) - g')u y Vy - g{u)v yy - r(u)v xx + (1 - 2r')u x v x 

-«(/'+ - h'Uy)Uy 2 + 2( 9 ' - h{u))Uyy + ^U^ + ^ - l)U XX ) (l0) 

^yyyy ^^xxyy ~t~ ^xxxx 
where v = v{x, y, t) is the new dependent variable. 
Theorem 3.1. Equation Q has no strictly self-adjoint subcase. 



G 



Proof. By making the substitution v — u in the adjoint equation (|10p and then 
substituting u t from equation (j4]), we get 



(h(u) — 2g') u y 2 — 2g(u)u yy + 2u y y yy + — (1 — 4r') u. 2 — 2r{u)u x 



2 

- u (j' + [g"~ h ) Uy 2 + 2 (g - h(u)) u yy + r" u 2 + (-1 + 2r') u xx ^j 

-(- 4:U XX yy "t - 2U XXXX f ' (U) — 0. 

It is obvious that there is no choice of the functions /, h, g, r satisfying the above 
condition. In other words there is no choice of the functions /, h, g, r that will 
make equation ((3]) strictly self-adjoint. □ 

Theorem 3.2. Equation (j4| is quasi self-adjoint when f = ci, r = u/2 + C2, h — 
</■ 

Proof. After making the substitution v — 4>{u) in the adjoint equation (|10p and 
then substituting ut from equation Q, we get 

((h(u) - 2g') <t>' + <t>{u) (ti - g") - g(u)<j)" + W"u yy + 2<j,'"u xx ) u 2 
+ (4>(u) (1 - 2r) - 2r{u)4> + 2(j)"u yy ) u xx + 4<j)'u XX yy + 2(j)""u y 2 u x 2 

+ Q ((1 - 4r') <f>' - 2 (<f>(u)r" + r{u)<j>")) + 2<f>"'(u yv + 3u xx )^j u 2 

+ 3<f)"Uyy 2 + 2<f)Uyyyy + (^""u^ + A(j)"u x y 2 + 3(j)" U XX + 2(j)'u XXXX 

- + f(u)4>') + f"u v i + (2#u) (h(u) - g 1 ) - 2g{u)<t>') u yy 

+ H" ( u yyy + u xxy) u y + 4 (2<p"'u y u xy + <j>"u xyy + <j)"u xxx ) u x = 0. 

This condition must vanish for every solution u of equation Hence we arrive 
at the system: 

#«)/' + /(«¥ = 0, 
<f>(u) (1 - 2r') - 2r(u)4>' = 0, 
d 

— (u)<j>(u) = <f>(u)g + g(u)(f> , 

$ = o, 0" = o, <r = o, 0"" = o, 

(1 - 4r') $ - 2 {4>{u)r" + r{u)<j>") = 0, 

h(u)</J - 2g'$ + 4>{u) (ti - g") - g(uW = 0. 

Solving the above system we get that (f>(u) = c =/= and as stated, / = Ci,r = 
u/2 + c 2 , h = g'. □ 

Theorem 3.3. Equation (J?]) is nonlinear self-adjoint if and only if: 

1. r = u/2 + a, g = j3u + j,h — /?, f — Su 2 + eu + £, 

2. r = u/2 + a,h = g', f = f3u 2 +ju + S + cj g(u) du, (3, c, g" ^ 0, 

3. r = u/2 + a, h = g', f = j3u + 7 + c J g(u) du, c, g" 7^ 0, 
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4. r = u/2 + a, h = g', f = (3u 2 + 7 u + 5, /3, g" ^ 0, 

5. r = u/2 + a, h = g', f = (3u + 7, g" f 0, 

Proof. After making the substitution v = <f>(x,y,t,u) in the adjoint equation 
(jTUJ) and then substituting u t from equation we get 

- 4>{X, y, t, U)f' - f{u)(j) U + 2Uyyyy(j) U + AU XX yy<j> U + 2U XXXX (j) U + 3Uyy 2 (j) UU 

-(- All X y (j) uu -\- 3u xx (j)uu ~t~ Uy (j^uuuu ~t~ ^x $uuuu </*t ^ r U , yyy4 ) yu H~ ^^xxy^yu 
-f- (j)yuuu 9(^)4*yy $yyyy ^^ocyy^xu ^ r ^ XXX 4 > xu ~l~ (f)xuuu 

+ u xx (<f>(x, y, t, u) (1 - 2r') - 2r(u)(j> u + 2(j> yyu + 6(j> xxu ) + 24> xxyy + <j> xxxx 
+ ityj, (2u xx cf> uu + 2u x <j) .I II II 

+ 2{<f>[x,y,t,u) (h(u) - g') 
- + 3<t>yyu + 4> xxu )) + S>u xy (t) X y U - r{u)4> xx 

+ u y 2 (<p(x, y, t, u) (ti - g") + (h(u) - 2g') cf> u - g(u)<p uu + 6u yy (j> uuu 

~t~ ^^xx^uuu ~t~ 2u x <f>uuuu ~t~ ^>4*yyuu ^^xfixuuu ~t~ ^fixxuu) 

+ u 2 (~<j)(x, y, t, u)r" + ( - - 2r'^j (f> u - r(u)4> U u + &u xx cj) uuu + 2(f> yyuu 

+ 64> XX uu) 

+ Uy {4:Uyyy(t> UU + 4:U XX y(j) uu + 2 (k(u) ~ ^ ') <j>y ~ 2g(u)(j)y U + \2Uyy^)y UU 

~t~ ^^xxfiyuu ^Wa; (j)yuuu ~t~ &'U' X y4 > X uu ~t~ ^a; (Q^xyfiiiuu Q&xyuu) 

~\~ 4 ((f)yyyu ~t~ 4 > XXyu)') 
+ U X {4:U X yy<j)uU + ^U xxx (f) uu + 8u X y<j)y UU + (l — 2?"') X — 2r(u)<^ TO 
~t~ ^2u xx (j) xuu ~\- 4 {(j) X yyu ~t~ ^XXX-u)) — 0. 

This condition must vanish for every solution it of equation (j4j . Hence we attain 
the system: 

(1 - 2r') - 2r(u)(f> xu + 4 (0 S2/2/ „ + 4>xxxu) = 0, 

2(/l(u) - g')(j) y - 2g{u)(j)yu + ^4>yyyu + 4(j) xxyu = 0, 

(h(u) - g')(f>(x, y, t, u) + 3(f> yyu + <f> xxu - g(u)<p u = 0, 
(1 - 2r') <p(x, y, t, u) - 2r{u)cj> u + 2(f> yyu + 6(f> xxu = 0, 

4*yuu — 0; 4*UUU — 0; 4*XUUU — 0; ^yuuu — 0; ^UUUU 0? 

4>u = o, (f>xu = o, 4> yu = o, (j) uu = o, 4> xuu = o, cj> xyu = o, 

(1 - 4r') 4> u - 2r(u)4* uu - 2r"(f)(x, y, t, u) + 4(f) yyuu + I2<f> xxuu = 0, 

f'(j) + f{u)4> u + (j) t + g{u)4>yy - 4>yyyy + r(u)(j) xx - 2(j) xx yy - 4> xxxx = 0, 

(ti - g") 4>(x, y, t, u) + h(u)<j) u - 2g'(f> u - g{u)(j> uu + 6<p yyU u + 24> xxuu = 0. 
Looking at the above system it is obvious that 

4> = 4>{x, y, t), r(u) = u/2 + c, h = g' . (11) 
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By substituting (ITT]) in the system, we arrive to the following equation: 

4>f' + 4>,t + g{u)<p <yy - 4>,yyyy + ~ (u + 2c) (j). xx ~ , xxyy - <j) >xxxx = 0. (12) 

By differentiating equation (|12[) two times with respect to u we have in addition 

</>/'" + g"(f>, yy = 0, 

<PJ + 9 <P,yy + ~Y~ = 0. 

By using these two equations in combination with equation (|12j) we arrive at 
the five cases stated. □ 

Therefore having obtained the specific self-adjoint subcases of equation (UJ 
it remains to know their symmetries in order to construct the corresponding 
conserved vectors. In the next Section the complete group classification for 
equation (UJ) is given. 

4. The Group Classification 

From the invariant surface condition ([B]) for equation (j¥J the system of the 
determining equations is obtained, see Appendix |Appendix A| By solving the 
subsystem not containing any of the functions /, g, h, r we obtain: 

^(x, y, t, u) - ~ 2/^i3 W + |^[(t), 

e (x, y , t , u) = T X i (t) + xTxi (t) + V -T[ (t) , 
f(x,y,t,u) = 7i(t), 

u 1 

r](x,y,t,u)=F 15 (y,t) - -T[(t) - -x($F , 11 (t) - SyT[ 3 (t) + xTi"{t)) , 
and the remaining determining equations are: 



/ T- II 

r Fi 


= 0, 


h y 7 ! 


-o, 




-o, 




= 0, 




= 0, 




= 0, 




= 0, 


h'T' u 


= 0, 


9'F'xx 


= 0, 
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f'Fx" - Fx'" = 0, 

rr lx - f u " = o, 

f'F' 13 - -F13" = 0, 
(1 + 2h(u))T[ 3 = 0, 
(2h(u) - 1) T 13 = 0, 
ti (£F 1S -uF[)= 0, 
(g(u) - r(u))T la = 0, 
AT' 12 + yJi" + 8/i(u) Ji 5 „ = 0, 
8J"i 5 r' + 4 (r(«) - ur') J"{ = 0, 
8T 15 g' + A(g(u)-ug')T' 1 = 0, 
4Fi B /' + 6/(u)7t - 2u/'7 1 ' + 2uFt" - r(u).Fi" - 4F 15t 

+ 4g(u)J"l5 OT - ^Uyyyy = 0. 

The resulted group classification is summarized in Table [T] The first row 
gives the symmetries that occur for every possible choice of the functions f,g,h 
and r. In each subsequent row a special case appears along with the additional 
symmetries it has. 

5. Conservation Laws 

By consulting table [1] one can observe that the only point symmetries ad- 
mitted by the self- adjoint classification given in Section [3] are Xi = dt, X2 — 
d x , £3 = d y . The only exception is the nonlinear self-adjoint case, 

1 2 1 2 f U \ 1 \ ^ c 2 » 

u t = + + V 2 + / + Uyy ~ Uxxxx ~ 2Uxx yy ~ u vyyy + ° u + ( 

which also admits the symmetry £4 = xd v — yd x . The nontrivial conserved 
vectors for each case follow. 

Case 1 (Quasi self-adjoint). According to Theorem 13.21 the quasi self-adjoint 
case is 

2 u x 2 ( 1 \ 

Uf OL -\- g Uy -\- g(u*)Uyy ^yyyy ^ [ ft ~t~ ^ xx 2u X xyy ^xxxx: 

with formal Lagrangian C = cA(x, y,t,u,u x , . . . , u yyyy ). Using the formula (|9]), 
for each one of the above mentioned three point symmetries, three trivial con- 
served vectors are obtained. 

Case 2 (Nonlinear self-adjoint). Following Theorem 13. 3[ to each one of the five 
possible nonlinear self-adjoint cases formula © is applied using each of its ad- 
mitted point symmetries. The conserved vector is given in the form (C 1 , C 2 , C 3 ) 
yielding the conservation law D X C X + D y C 2 + D t C 3 = for every solution of 
the case of equation (J4]) studied. 
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/ 


5 


h 


r 


Symmetries 


V 


V 


V 


V 


£i = dt, X2 = d x , £3 = d y 


V 


r 


1 

2 


W 
V 


£4 = a;a y - yo^ 


au + /3, a 7^ 


r 


1 

2 


c 


£4 = e at d u , £ 5 = a;9 a - yd x , 
£e = - e at yd u , 
£ 7 = ^-d x - e at xd u 


P 


r 


1 

2 





X4 — d u , £5 = td x xd u , 
X 6 = tdy - yd u , 
X 7 = xdy - yd x 


P 


r 


1 

2 





X4 — d u , £5 = td x ~ xd u , 
£ 6 = tdy - yd u , X 7 = xdy - yd x , 
£ 8 = 2(3/3* - u)d u + 4td t + xd x + yd y 


77" 


r 


1 

2 


au + /?, a 7^ 


£4 = xdy - yd x , 
£5 = 4atdt + axd x + ayd y — 2 (cm + 0)d u 


C(au + /3) 3 , o^O 


j(au + 0) 


1 

2 


£(em + /9),<5 7^7 


£4 = 4atdt + axd x + ayd y — 2(au + fi)d u 


S 


a 


7 7^ 


P + OL 


£4 = d u , £5 = td x - xd u , 
£ 6 = 2td y - ^d u 


7 


a 







£4 = td x xd u , 

£^ = J~ \ v t\dii J~i — aJ~^,*, -4- ^Pitititi, = 
~* vy: u )^u, j t yy 1 yyyy w 


C(au + /3) 3t 






s(au + 


£4 = Aatdt + axdx + ayd y — 2(au + j3)d u 


Su + e, 5^0 


a* 




P t 


£4 = e tS d,,, £«s = ^r-d* — e tS xd„ 

x fi = 2^1 a, - s^a, 

"^0 ,5 w y ^ 


7it + S, 7^0 


ai 







£4 = ^j-d x - e l ~<xdu 
£ 5 = F{y, t)d u , F t - aTyy - 7 J" + Ty yyy = 




ai 


7^0,i 




£4 = - xd u , £5 = 2<a, - ^d u 


7 


a* 





P % 


1 . / (X 

— ; t " Qi»7^ "I - J~ yyyy 







a ^ 0, i 





£ 4 = e ta d v , £5 = &d r ~ e tl3 xdu 
Xr - ^d - ^d 


ry?/ -\- B C¥ ^- 


o 


o 


o 


£4 = - e tQ x5 u 

£5 = J"^, Jt - aT + Tyyyy = 







a f 0, | 





5^4 ~~ du, £5 — tdx xdu 
Xq — 2td y — d u , 
£7 = Atd t + xd x + ydy — 2(u — 3/3t)d u 


a 











£4 = td x - xd u , £5 = 4td t + xd x + ydy -2{u- 3f3t)d u 
£ 6 = F(y, t)d u , Tt - a.T + T yyyy = 



Table 1: Complete group classification for equation (|4]l 



ta( 7 2 + 5 2 +C 2 ) 7^0 



• Subcase 2.1 (r = u/2 + a,g = /3u + r y,h = /3,f = Su 2 + eu + (). For this case 
equation (|4]) takes the form: 

u t = ( + eu + 5u 2 + (3u y 2 + (7 + flu) u yy - u yyyy + -|- 

~l~ ~\~ l^xx 2ll xxy y ^xxxx- (^^) 

The new dependent variable v = Fi(x, y, t), where J-\{x, y, t) is any solution of 
the system 

25Ti+pT lyy + ^ = 0, 

-\- ~T~ "yJ~lyy ' ^~lyyyy ^•^'lxx ^^~^xxyy *^~lxxxx ^* 

C 1 = — (4(1 - QI3)Fi yyt u x + 3M 2 J r i 2;t - 8J"i yt n xy + SuyTi^ 

-6Ji t ((2a + 8<5 + u)n x - 2 (w ira + !t Ii:c )) - 4F lxi (u yy + 3u xx )) 
+ u((a + A5)Fi xt - Fixyyt) + 2fiuFi xyytl 

C 2 = i (3/3u 2 J"i,, t + J" u (-2(3 7 + 4<5 + 3(3u)u y + 6 (u^ + u xxy )) 

-2 ((-3 + 2(3)u y Fi yyt + 2T\ xt u xy - 2u x F\ xyt + T\ yt {3u yy + u xx ))) 

+ U (( 7 + 4(5)^1^ + (-1 + 2/3) Jlyyyi) , 

C 3 = -CTi(x, y,t) + uF u . 

This conserved vector will be nontrivial if and only if J-\ t ^ 0. 

C 1 = i (3u, x (2(1 - 2/3)F hxyy - {2a + 86 + u)F hx ) - 2T 1 ^ y u. xxy 

+2 ((6/3 1)^*1 ^ yy u ,xx + *F\ X {u xyy + 3u : xxx) 2u xy J~\ xy ^ ^ ^~ 1 ,y^ : yyy > 
- T\ (x, y, t) (C - u t + fiu, y 2 + 7U, yj/ + u (e + 5u + /3u iyy ) - A5u^ xx ) 

C 2 = i ((-3 + 2/3) .Fi^u^ + Fi{x, y, t) {3(3u y u x + (3 7 + AS + 3pu)u xy ) 

2J~ l xy Uxx + J~lx (3Uyyy + ^Uxxy) + 3~\yU>XXx) ~t~ (l 2fi}^F\ yyy 1L x 

+ F\ y (u xyy - (7 + 4(5 + /3u)u x ) , 
C 3 = -Ti(x,y,t)u x . 

This conserved vector will be nontrivial if and only if J-\ x 7^ 0. 
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dy. 

C 1 = - (2 (— 2u xy J r \ xy + (-1 + 6(3)J 7 i yy u xx + T\ x (u xyy + 3u xxx )) 

-3(2a + 85 + u)u x F lx - 2T ly (3u yyy + u xxy )) + (1 - 2/3)J r lxyy u x 

- J], (x, 1J, t) (C - U t + filly 2 + "fUyy + U (t + 6u + ftUyy) ~ A5U XX ) , 

C 2 = ~ ((2/3 - 3) F lyy u xy + (37 + 4<5 + if3u)u xy Fi (x, y, t) - 2T lxy u xx 

-\-5u xxy J~i x + u xxx J-\y) + (1 — 2fi)T\ yyy u x 
+ /3u y u x Ti( 

x i Vi t) + U yyy-F\ x + J~l y \U xyy (7 + 4S + /3u)u x ) , 

C 3 = -Fi(x,y,t)u x . 

This conserved vector will be nontrivial if and only if J-\ y 7^ 0. 
yd x — xd y : 

If, in addition, /3 = 1/2 and 7 = a then equation (| 13[) admits also the symmetry 
xd y — yd x . Employing it we have: 

C 1 = — {2xu yyy T\ x + 3yuu x F\ x + u y (yAFi yy — 3x(2a + 86 + u)Fi rx ) 

T A:Xj~\yy1l Xy -\~ 8^F\ x U Xy AXXlyyJ~\ X y ~\~ AU X ^l X y "I - AyU X y^F\ X y 

- 2yJ-\ x U X yy - + 2T ly (2u yy ^XUxyy ^^xx ~h yUxxy) 

+3J r i(x,y,£) (yw y 2 + xu y u x +u(u y + yu yy + xu xy ))) + yau x T lx 

-f- ^y$V>%J~\ x ~\~ xJ~\ x U X xy yJ~lx^xxx H - (.y^yyy ~\~ ^^xxx) 

+ y, i) (y( + y<5u 2 - yu t + (a + 4(5)w y + yait„j, + 
+4x6u xy + eyu - a;^^ - 4?/(5M xa; ) , 
2 1 / 

C = - (-AXUyyTlyy + 3yUFlyU X + 4TlyyU X + \UyyT lx - 8TlyU X y 

+ 4:yTi yy u xy - Uy (3ir(2a: + 8c5 + u)F\ y + 4J r i ;E , y ) - Axu xy F\ xy 

~t~ ^■•&<'\ x 1l xyy 4^X2, T/xx -|- 4y.7~i xy^xx H~ ^2xJ~\yUxxy ^^y^lx^xxy 

y u xxx — J~i(x, y, t) (85u x — 8xSu yy + 3yu y u x + 3xu x 
+8y5u xy + 3u (u x + yu xy + xu xx ))) + xT\ y u yyy + yaFi y u x 

~t~ ^y8*Fi y 1A x yU yyy ^F\ x yJ'lyV'xyy xj~ Ix^xxx 

- y, t) (x( + xSu 2 - xu t + au x + yau xy - u xyy + xau xx 

C 3 = T a (x,y,t) (yu x - xu y ) . 

This conserved vector will be nontrivial if and only if T\ 7^ J-(x 2 + y 2 ,t). 
• Subcase 2.2 (r = u/2 + 5,h = 9' J = ^ + $u + 7 + c Jg{u)du, a,c,g" ^ 0). 
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x 2u xxy y l^xxxx- 



For this case equation (U) takes the form: 

2 p 2 

aU n / / \ 7 I 2 / \ U x 

U t = — + pu + 7 + c g[u) du + g u y + g(u)u yy - u yyyy + — 
The new dependent variable is 

V = e t(4a 2 -/3+c 2 +2a(5+2c)) L^^x) fa C0S (^) + C 3 Sm(^y)) + 

sin(v / 2ax) (c 2 cos(\fcy) + C4 sin(v / c; 

C 1 = |e p *X> ^\/2a (8a + 4<5 + 8c + u) u - 2B (4a + 26 + 4c + u) u x 
-4AV2a~Au xx + 4Bu xxx j , 

C> - e »D (/ 9 („) *, + «) - B (e + „ - CV-cu,, 

+BVuyyy - 2CV^/cu xx + 2BVu 

xxy J j 

C 3 = -e^Bfr-Du). 
This conserved vector will be nontrivial if and only if T> ^ 0. 

C 1 = ^e vt (iBau xx + 2V2aAu xxx - 2B-f - ABa (2a + 6 + 2c) u - Bau 2 

-V2aA (4a + 26 + 4c + u) u x ^j , 
C 2 = V2^e vt (Syfc Jg(u) du + Ec 3/2 u - (Ac + Ag(u))u y - Ey/cu yv 

~\~-A-Uyyy 2£ \CUxX ~t~ ^^UxXfj) 1 



C 3 = V2^e vt Au. 



d y : 



C 1 = ^Vce vt (iCu xxx + V2£y/a~ (u (8a + 45 + 8c + u) - 4u xx ) 
-2C (4a + 25 + 4c + u) u x ) , 

C 2 = -e vt (b~( + Be J g(u) du + Bc 2 u + Cyfc (c + g(u)) u y 

-\[C (B\[C (Uyy + 2U XX ) + C (Uyyy + 2U XX y))) , 

C 3 = CV^e vt u. 
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In the above formulae 

A = sm(V2ax) (ci cos(yfcy) + c 3 sin( v / cy)) 

— cos(v / 2ax) (c 2 cos(^/cy) + C4 sin(v / cy)) , 

B = cos(v / 2ax) (ci cos(y/cy) + c 3 sin(v / cy)) 

+ sin(v / 2ax) (c 2 cos( v / c?/) + c 4 sin(v / cy)) , 

C — cos(v / 2o<x) (03 cos(v / cy) — ci sin(v / cy)) 

+ sm(y/2ax) (04 cos(y/cy) — c 2 sin(v / cy)) , 

£> = 2a(2a + S) + Aac + c 2 - /3 
and 

£ = sm(V2ax) (ci sin(v / cy) — C3 cos(v / cy)) 

+ cos(V2ax) (04 cos(v / cy) — c 2 sk^-^/cy)) • 

• Subcase 2.3 (r = u/2 + 7, /i = g' , f — au + (3 + c fg(u) du, c, g" 7^ 0). For this 
case equation (@| assumes the form: 

n f 1 \ 1 1 2 1 \ 2a + u 
u f =/?u + 7 + c g{u) du + g u y + g(u)u yy -u y yyy + — H — u xx -2u xxyv 

^xxxx- 

The new dependent variable u is, 

t> = e( c ((ci + c 2 x) cos(y/cy) + (c 3 + c 4 x) sin(Vcy)) . 

df. 

C 1 = ^e m V (Bu (4 7 + 8c + ?i) - 2A (2 7 + 4c + u) u x - ABu xx + 4Au xxx ) , 

C 2 = e^V (^C\fc J g{u) du + Cc 3 ^ 2 u — Acu y — Ag(u)u y — C\fcu yy + Au vvv 

2C \J~C-U XX -(- 2^7/^^;^) , 
C 3 = -e p U(^-Pu). 

This conserved vector will be nontrivial if and only if T> 7^ 0. 



C 1 = t;^® i u (2£>£ - Ma;) + 2 (iru t - /3x - ju x + 2u xyy + u xxx )) . 



C 2 = e m 
C 3 = -e vt Bxu, 



EV-c (/*(») du + cu)-B(c + g(u)) u y - E^u yy + Br 
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This conserved vector will be nontrivial if and only if c| + c| ^ 0. 

d y : 



C 



C 1 = ^e P '\/c (2f3x (2ci + c 2 x) sin(Vcy) + £ u 2 - 4£ (2u yy + u xx ) 

— 2(3x (2c 3 + c±x) cos(^y) + u (4^7 — 2Cu x ) 
+4C {u xxx - ju x + 2u xyy )) , 

-C (c + 5 (u))u y ) , 

For the above conserved vectors we have used the following notation: 

A = (ci+ c 2 x) cos(y/cy) + (c 3 + c 4 x) sin(Vcy), 
B = c 2 cos(v / cy) + C4 su^i/cy), 
C = (c 3 + C4X) cos(v / cj/) - (ci + c 2 x) sin( v / cy), 
2? = c 2 — a 
and 

£ = C4 cos(v / cy) — C2 sin(v / cy)- 

• Subcase 2.4 (r = ?i/2 + 6J1 = g' , f = au 2 + j3u + 7, a, g" 7^ 0). For this case 
equation (0| takes the form: 

u t = u t = a u 2 +P u + 1 + 9 W + - + ^ + (S + \u) u xx 

^^xxyy ^xxxx- 

The new dependent variable v is, 

V = e (^-P+4 a S)t ^ Ciy + cos(2 ^ 2 , ) + (cay + C4 ) 3^(2^)) . 

C 1 = i e ct 2? (6^« 2 - 2 (.A(4a + <5K + 2B^u xx - Au xxx ) 

+ (ABVa{4a + 6)u - Au x )) . 
C 2 = -e vt (g(u) (Cu t + AVu y ) + V (Cu yy - Au yyy + 2 (Cu xx - Au xxy ))) . 
C 3 = e m {ADu + Cg{u)u y - Ay) ; 

this conserved vector will be nontrivial if and only if T> 7^ 0. 
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C 1 = e vt (Cg(u)u y - Aau 2 - u (AAa(Aa + S) + By/au x ) 
-2-y/a (£>(4a + S)u x - 2A\fau xx - Bu xxx )) , 

C 2 = e vt (-/a (2Bu yyy + sin(2Vax) (7 (ay + 2c 2 ) y - 4 (ciy + c 2 ) u xxy 
+2ci + 2u xa; )) - cos(2i/aa;) (2c 3 (u TO + 2u xx ) 
+7 ( c 32/ + 2c 4 ) y - 4 (c 3 y + c 4 ) w^j,)) 

C 3 = 2e Dt 6v / ^u. 

d y : 

C 1 = ~e vt (Syfctu 2 + (4£V^(4a + S) - Cu x ) u 

-2 (C(4a + (JJuj. + 2£ v / « M a;x - Cm im )) , 

C 2 = Ce Vt (Uyyy + 2U XX y ~ ^ ~ ff(tt)%) , 

C 3 = e m Cu- 

where 

A = (ciy + c 2 ) cos(2 v /ax) + (c 3 y + c 4 ) sin(2-v/aa;), 
B = (c 3 y + c 4 ) cos(2 N /ax) - (ciy + c 2 ) sin(2 v / aa;), 
C = C\ cos(2y / aa;) + c 3 sin(2v / aa;), 
V = 16a 2 -/3 + 4aS 
and 

£ = c 3 cos^^/cke) — c\ sva{2\foLX) . 

This conserved vector will be nontrivial if and only if c 2 + c 2 7^ 0. 

• Subcase 2.5 (r = u/2 + 7, /i = </, f = au + f3, g" 7^ 0). For this case equa- 
tion (j4)) assumes the form: 

,n u x 2 ( 1 \ 

Ut = = «w + P + .9 + 9{ u ) u yy - u yyyy + "y" + ( ^ + 2 / Uxx ~ ^ Uxxyv 

u xxxx . 

The new dependent variable v is, 

v = e~ at ((ci + c 2 x) y + c 3 + c 4 x) . 
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df. 

C 1 = ^e- at (2 (Auu x - 2 7 £) + 4-/Au x + 4Bu xx - Bu 2 - AAu xxx ) , 

C 2 = e~ at (g(u) (aAuy - Cu t ) + a {Cu yy - Au yyy + 2Cu xx - 2Au xxy )) , 
C* 3 = e~ at {Cg(u)u y - A(/3 + mi)) . 

This conserved vector will be nontrivial if and only if a ^ 0. 

C 1 = ^e~"* (2c 2 xg(u)u y - B (2f3x + {2-y + u)u x - Au xyy - 2u xxx )) , 

C 2 = (BUyyy - C 2 Uyy - (BUy + C 2 XU X )) , 

C 3 = e -oct Bu 

This conserved vector will be nontrivial if and only if c\ + c| 7^ 0. 
C 1 = (c2U 2 - 4~/Cu x + 2u (27C2 - Cu x ) - 4c 2 u xx + 4Cu xxx ) , 

C 2 = e~ at C (Uyyy + 2U XXy ~ ~ g(u)Uy) , 

C 3 = e- at Cu. 

This conserved vector will be nontrivial if and only if c\ + c 2 7^ 0. 
In the last three conserved vectors 

A = (ci + c 2 x) y + c 3 + c^x, 
B = c 2 y + c 4 , 
and 

C = ci + c 2 x. 

6. Conclusions 

In the present work a generalization of the anisotropic two-dimensional 
Kuramoto-Sivashinsky Equation was studied under the prism of the modern 
group analysis. Specifically, two distinct classifications were performed; one 
with respect to the Lie point symmetries and a second with respect to the 
property of sclf-adjointncss. The wealth of information obtained by those two 
classifications not only shed light to the structure of the generalization stud- 
ied, by highlighting the interesting subcases, but provides us also with ways for 
attaining analytical nontrivial solutions. A fact that will be the subject of a 
future work. 
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Appendix A. The Determining Equations 



£ 3 - 


o, 


£ 3 - 
s y — 


o, 


£ 3 - 


o, 


£ 3 - 

S xy - 


= o, 


£ 3 - 

S xu — 


= 0, 


£ 3 - 

s yu - 


= 0, 


f 3 - 
S uu ~ 


= 0, 


£ 3 

S xuu 


= 0, 


£ 3 

S xyu ~ 


= 0, 


£ 3 

s yuu - 


= 0, 


f 3 

S, uuu - 


= 0, 


f 3 

S xuuu 


= 0, 


e 3 

S xyuu 


= 0, 


£ 3 

S yuuu 


= 0, 


S uuuu 


= 0, 




= 




= 0, 



3£ yy + £ XX = 0, 

£ yy ~l~ 3£ is = 0, 
^ yy ^ ^5 

yy ' 

£ UUUU H" 2£ yuUU 0) 

£ uuuu H~ 2^ xuuu ~~ 0, 

(.g( U ) + r( U )K 3 u = 0, 
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£ yuu H~ £ ^tt-u H~ £ ' 0? 

+ fx + 2g(u)f xy = 0, 
£ 1 y +<£ 2 * + 2r(u)£ 3 X!/ = 0, 
2/^ 3 „ + (1 + M«))£ 3 «« - 0, 
2(l + r')£ 3 „ + r(u)£ 3 mi = 0, 
£ x 4- £ 2 +£ 3 =0 

S yuuu i S xuuu ~ S xyuu 

8h'f u + (l + 4h(u))f uu = 0, 
(ll + 16r')e 3 n + 8r( M )e\„ =0, 

6£ 3 yy„ + 2^ 3 xa; „ - e^^)^ 3 ^ = 0, 

6£ yyu ~t~ 2£ a:a;u 2r(?/)£ u 0, 
2£ yyu ~\~ 6£ aaju 2g(u)£ 1 u = 0, 

2£ 3 OT „ + Qfxxu - 6r{u)f u = 0, 

6s(u)f\ - 4 (f 3 „„„ + fxxy) = 0, 

6r(u)£ 3 x - 4 (£ 3 XJ/!/ + £ 3 **z) = 0, 
6g(u)£, 3 u - 4 {3e yyu + fxxu) = 0, 
6r(ii)£ 3 u - 4 yyu + 3f xxu ) = 0, 
4^(w)e 3 „ + 2 3 'e 3 „ + g(u)f uu = 0, 
eu + (l + 2g')e y + 2g(u)e vu =0, 
e 2 „ + (l + 2r')e\ + 2r( M )e 3 yu =0, 
C 2 „ u + 2/i'£ 3 „ + (1 + 2h(u))f yu = 0, 

e 1 ^ + 2h'e x + (i + 2/i( U ))^ 3 x „ = o, 

llh(u)eu + Sg'fu + Mu)fuu = 0, 
5£\ + (6 + 8r') £ 3 X + 8r(u)£ 3 x „ = 0, 
(3 + 8/i(«) + Sg') f u + 4g(u)? uu = 0, 
(1 + 2h(u) + 4r') £ 3 „ + 2r(u)£ 3 „„ = 0, 
(2 + 3/»(u) + 4r') £ 3 U + 2r(u)£ 3 tm - 0, 
(5 + 6/i(u) + 4r') C 3 „ + 2r(u)£ 3 tm = 0, 
(1 + 2/i(«) + 4</) £\ + 2. 9 (u)£ 3 Ml - 0, 
3e 2 n+4((l + r')e 3 ,+r(«)e 3 atl ) =0, 
£ yu + £ x« + 2g'£ XJ/ + 2g(u)^ 

xyu 0, 

£, V u + £ xu + 2r'i xy + 2r(u)^ 

xyu ' u i 
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(3 + 10h(u) + 4g') e\ + 2g(u)euu = 0, 

wen + ih'e U u + (i + h( U ))e uuu = o, 

3r"£ 3 „ + (2 + 3r') £ 3 utl + r( U )£ 3 Mtm = 0, 
3g"C 3 n + (l + 3 5 ') £ 3 „„ + g(u)f uuu = 0, 

+ 2 (/i(u)£ 3 x + g'e 3 x + g(u)Z 3 xu ) = 0, 
e x „ + 2 (Mu)£ 3 x + r'<£ 3 x + r(u)e x u) = 0, 
+ 8h(u)f x + 4</<£ 3 x + 4g(u)?xu = 0, 
2g(u)e v - 4 (£ 3 „ y „ + e 3 ^ a - r(u)e v ) = 0, 
12/i"£ 3 „ + 12h'f uu + (1 + 4h(u))f uuu = 0, 
^uuu + 4h"? x + 8h'f xu + 4h(u)f xuu = 0, 
4g(u)f x - 8 ( f xyv + f xxx - r(u)f x ) = 0, 
5£ 2 „ + 12h(u)f v + 8g'f v + 8g(u)f yu = 0, 
8g(u)e v + M^fy ~ 8 (e yyy + i\ xy ) = 0, 
4ff(w)C 3 x + 2r(u)f x - 4 XTO + f xxx ) = 0, 
(1 + Ag 1 + V) £ 3 „ + 2( 5 («) + r( U ))C 3 „n = 0, 
2g{u)f u - 4 (3f TO „ + f xxu - r(u)f u ) = 0, 
Mu)fu - 8 (£ 3 W „ + 3f xxu - r(u)f u ) = 0, 
12r"£ 3 „ + (13 + 12r') f uu + 4r( U )£ 3 UMl = 0, 
H\ + (3 + 4h(u) + 2. 9 ') C 3 y + 2g(u)e y u = 0, 
2g(u)f u + 6r(u)f u - 4 (3e yyu + f xxu ) = 0, 
%g(u)fu + Mu)fu - 8 (3f yyu + f xxu ) = 0, 
6g(u)fu + 2r(u)f u - 4 (f yyu + 3f xxu ) = 0, 
Mu)fu + 2r(u)eu - 4 (£_ 3 yy u + 3£ 3 ratl ) = 0, 
3^„ + 2 ((1 + 3h(u) + r') fx + r(u)f xu ) = 0, 
(5 + I2g' + V) f u + 2(3g(u) + r( U ))£ 3 Mtl = 0, 
2 (1 + 3g' + 2r') i\ + (3«/(u) + 2r(u))f 3 UU = 0, 
£ 2 „ + 2 + r'f, + ($(u) + K"))e 3 yn) = 0, 

£}u + 2 (g'e* + r'e* + {g(u) + r(u))f xu ) = 0, 
4^'"C 3 „ + &h"f uu + 4h'f uuu + h{u)f uuuu = 0, 
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¥uu + 2g"fy + fyu + ig'fyu + 2g(u)^ yuu = 0, 

fun + 2r"£ 3 „ + f yu + 4r'f yu + 2r(u)f yuu = 0, 
Z\u + 2g"f x + f xu + Ag'? xu + 2g{u)f xuu = 0, 
H\u + 3Z 2 XU + 2 ((1 + r') e xy + r{u)e xV u) = 0, 
Sfuu + 4 (r"^„ + (1 + 2r') f yu + = 0, 

Zfuu + 2r"f v + bfy U + Ar'f yu + 2r(u)f yuu = 0, 
H\u + 4r"£ 3 x + 8^ 3 X „ + 8r'£ 3 x „ + 4r(ii)£ 3 xtm = 0, 

£ UUU H~ 2/i £ y H~ 4/i £ y U + £ l y UU + 2/i('Z/)£ y UU — 0, 

+ 2^'e 3 , + 4h'e X u + e X uu + 2h{ u )e xuu — 0, 

H\u + Qr"f x + 7f xu + 12r'f xu + 6r(u)f xuu = 0, 
h(u)f u + 2g'£,\ + 2r'f u + g(u)^ uu + r(u)f uu = 0, 
3^ + 2 ((1 + 3g' + r') £ 3 X + (3 5 («) + r(u))e xu ) = 0, 
S^yu + 3£ 2 x« + 4h{u)£ 3 xy + 2g'f xy + 2g{u)f xyu = 0, 
3 (3 + 8r') C 3 „ + 14r(u)£ 3 u „ - 4 (C 3 ^ + 3£ 3 xxmt ) = 0, 
5h(u)f u + 2g'f u + 6r'f u + g(u)f uu + 3r(u)f uu = 0, 
W'fu + 6g"euu + Cuuu + 4^ 3 UUU + g(u)e 

UUUU — 

4h'f u + 3r"C 3 „ + 2h{u)f uu + 3r'f uu + r{u)f uuu = 0, 
8h'f u + 3g"f u + 4h(u)f uu + Zg'fuu + g(u)f uuu = 0, 
4r £ u H~ 6r £ uu + 7£ -uu-u H~ 4r £ uuu + r(?z)£ uuuu — 0, 
Ah n/ f 3 _l fi/j' 7 ^ 3 4. 4/7 -u £ 3 4- h(n)f 3 — fl 

^' ' S u I u "' s u-u I ^' S uuu 1 s uuuu 1 ' t V a, /S> uuuu u ? 

4^(u)C 3 « + 4 3 'f„ + 6r'e 3 „ + 2. 9 (w)e 3 n« + 3r( W )C 3 utl = 0, 

xyuu — u i 

9h(u)^ 3 u + 12g'f u + 7g{u)£? uu - 6f yyuu - 2f xxuu = 0, 
£, 2 uuuu + 4 (h'"e y + 3h"f yu + 3h'e v uu + h{u)e y uuu) = 0, 

S uuuu 

26^'e 3 „ + 6g"f u + Uh(u)f uu + 6g'?uu + 2g(u)f uuu = 0, 
^\ + (5 + 12/) e\ + 14r(u)^ 3 x „ - Af xyyu - 4e 3 xxx „ = 0, 
16/i ( u 4" 24/z. ^ uu -j- 16/i ^ H~ C uuuu H - 4/i(ii)^ uuuu 0, 
(1 + V) C 3 x + 4g(u)e 3 xtl + 2r(u)e 3 xu - 4£ 3 xyytt - 4e 3 xxx „ = 0, 
2£? u + 5h(u)t? v + 6g'f y + 7g(u)f yu - 2£ 3 yyyu - 2f xxyu = 0, 
? uu + 2 (h'f y + r"f y + h(u)f yu + 2r'f yu + r(u)f yuu ) = 0, 
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Z\ u + 2 (h'f x + g"f x + h(u)f xu + 2g'e x u + g{u)^ xuu ) = 0, 
Z\u + 2 (h'f x + r"f x + h(u)e xu + 2r'f xu + r(u)f xuu ) = 0, 
3£ 2 U + Ah{u)f y + 2g'f y + 6r'f y + 2g(u)f yu + 6r(u)f yu = 0, 
Ah'^u + 6g"?u + fun + 2h(u)f uu + Qg'^uu + 2g(u)f uuu = 0, 
4/i'<£ 3 „ + Qr"f u + £ 3 „„ + 2h{u)f uu + 6r'e\ u + 2r{u)f uuu = 0, 
^uuu + 2g"'f x + 6g"f xu + f xuu + 6g'f XU u + 2g(u)f xuuu = 0, 
(1 + Sg') f u + ig(u)f uu + 2r(u)f uu - 4f yyuu - I2f xxuu = 0, 
3£ yuu ~\~ 3£ XU u 

+ 2 (r"e xy + (1 + 2r') f xyu + r(u)f xyuu ) = 0, 
6h'f u + 6r"e\ + 2f uu + 3h(u)f uu + 6r'f uu + 2r(u)f uuu = 0, 
h(u)£ 3 y + 2r'f y + g(u)f yu + 2r{u)f yu - 2f yyyu - 2f xxyu = 0, 
h(u)Z\ + 4r'£ 3 „ + g(u)£_ 3 uu + 2r(u)£_ 3 uu - 6£, 3 yyuu - 2f xxuu = 0, 
3£ uuu H~ 2r £ y -\- 6r £ y U -\- 5£ yuu H~ 6r £ -h 2r( , u)£ yuuu ■ 0? 

xuuu — 0: 

12/j'<£ 3 „ + 6r"£ 3 „ + 5£ 3 „„ + 6fe( M )e 3 „„ + 6r'£ 3 utl + 2r(u)f 3 UUU = 0, 
5£ 2 «u + 4 (Ah'fy + g"i 3 v + ±h{u)t 3 V u + 2g'f yu + g(u)f yuu ) = 0, 

S uuuu 

+ 2h'"e y + 6h"? yu + eh'^yuu + r yuuu yuuu 

S uuuu 

+ 2h!"t 3 x + &h"e xu + eh'^ 

X uuu + 2h(u)^ 

XUUU 0) 

S^uu + 4 (2h'i 3 x + g"i 3 x + 2h{u)i 3 xu + 2g'f xu + g(u)f xuu ) = 0, 
3?uu + 2 (5h'f x + g"e x + 5h(u)f xu + 2g'f xu + g(u)£ 3 xuu ) = 0, 
20tif u + 6g"f u + 3f uu + 10h(u)f uu + 6g'f uu + 2g{u)i 3 uuu = 0, 
H 2 uu + 2 (7h'e y + 3g"f y + 7h{u)t 3 yu + 6g'f yu + 3g(u)f yuu ) = 0, 
16tif u + 12g"f u + 3e\„ + Sh(u)f uu + 12g'f uu + Ag{u)t 3 uuu = 0, 
(5 + I2g' + 4r') + 6g{u)£ 3 U u - 4 (£, 3 yyU u + 3f xxuu - r(u)£_ 3 uu ) = 0, 
S^uu + 2 (3h'f x + r"i 3 x + f xu + 3h(u)f xu + 2r'f xu + r(u)f xuu ) = 0, 
Zfuu + Ah'fy + 2g"f y + 3CV + 4h(u)f yu + 4g'f yu + 2g(u)f yuu = 0, 
2^ u + (3 + 6g' + 2r') f x + 6g(u)f xu + 4r(w)e 3 ^ - ^ 3 xyyu - ^ xxxu = 
5h{u)£ 3 u + 2g'i 3 u + 6r'f u + 2g(u)£_ 3 uu + 3r(u)£_ 3 uu - 6£, 3 yyuu - 2£_ 3 XXUU = ( 
18g"£ 3 „ + 6r"f u + 5^ uu + 18g'f uu + 6r'f uu + Qg{u)t 3 uuu + 2r(u)f uuu = 
3^ yuu H~ 3^ xuu + 4ti£ 3 xy + 2g"f xy + Ah{u)i 3 xyu + Ig'fxyu + 2g(u)C xyuu — 
6h"f u + 4r"'f u + 6h'f uu + 6r"f uu + 2h(u)f uuu + 4r'f uuu + r(u)f uuuu = 
i 2 u + 3h{u)i 3 y + g'£, 3 y + 3r'£ 3 y + 2g(u)£_ 3 yu + 3r(u)f yu - 2£ 3 yyyu - 2f xxyu = 
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g{ufe v - 2fv v + ivyu - y{u)e V u - 3£ 2 W - e*x - m*) (^v™ - ?™ y ) = o, 

e vy - r(u) 2 f x + 2f'f x - 2 Vxu + 2f(u)e x u + $? xx + 2r(«) (f xyv + f xxx ) = 0, 

2 (3g"£ 3 x + r"f x + f xu + Qg'fxu + 2r'f xu + 3g(u)f xuu + r(u)f xuu ) 

H~ 3£ uu = 0, 

J/ ^ ~l~ X 4/ £ ^y + 4:7] X y U 4/ 2;y U 2£ ^yy 2£ XX y 

2£ xxx 0, 

/ («)£ 3 « + ft - g(u)f yy - 2r(u)£ 3 „„ + f 3 „„„„ - - 7r(u)£ 3 xx + 2£ 3 rara 

~l~ C xxxx 0? 

/ W£ 3 « + ft - - 7. 9 (ti)e 3 TO + fyyyy - 2 9 (u)f xx - r(u)f xx + 2f xxyy 

H~ £, xxxx 0> 



9h"e v + 9 "'e y + i8h'e V u + zg"e V u + mm?^ + 3</£ 3 „ uu + 



yuuu 



+ -£ 2 - 

2 uuu > 



5h"£ 3 x + g"'f x + 10ti£ 3 xu + 3g"f xu + 5h(u)£ 3 xuu + 3g'£ 3 xuu + g(u)f xuuu 



+ -f 1 - 

I 2^ UUU 



42/ l "C 3 „ + 4g'"e 3 u + 42ti? m + 6</'£ 3 „„ + Witf)?*™ + V£ 3 



UUU 



+ g{u)^ 3 uuuu = o, 



4/'C 3 « - 1r,uu + 2/(u)£ 3 uu + ^ 2 yu + Sfyy + M^ 3 yy + ^ xu + f XX 

+ Gh(u)£ 3 xx = 0, 



10h'e u + 3g"? u + 9r"C 3 „ + 5h(u)f uu + Sg'fuu + 9r'f uu + g{u)f U uu 

+ 3r(u)fuuu = 0, 

g(u)r{ u )e y - 2.re y + 2 Vyu - 2f( U )e yu - e vv - Mu)e yy y - - h\ 

- 2r{u)i 3 xxy = 0, 
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3 1 // 3 /// 3 / 3 // 3 3 3 / 3 

-h r(w)£ xuuu 0? 

30^"C 3 „ + 8 5 "'e 3 „ + 30^ 3 „n + 12 ff "£ 3 uu + ifuuu + 10h(u)euuu + Sg'fuuu 

+ 2g{u)£ 3 uuuu = o, 

S^uuu +4h"f y + 2g"'f y + 8h'f yu + 6g"f yu +3f yuu + 4h(u)f yuu +6g'f yuu 

+ 2g{u)^ yuuu = o, 



IZti'^u + 8r"'e 3 „ + 18h'f uu + 12r"f uu + 5£ 3 utm + 6h(u)f uuu + 8r'f 



uuu 



3^ w + 2/'£ 3 x + + ^ xx + ff (u) (-r(u)f x + 2 (£ 3 XTO + f xxx )) 

- 2 Vxu + 2f(u)f xu = 0, 



2 + r'"e y + 2h'i\ u + 3r"f 3 „ u + h{u)f yuu + 3r'f yuv 

3 \ | C 2 



2/iT y + sTs + 3r"f „ + 2/i(u)f , „ u + 2</<£V + 6r'f d „ u + g(u)C yuu 

3 
2 



+ 3r(it)£ + o £ Mtt — 0, 



2/ £ y~l~4/£ y u 2r/ yuu -\-2f(u)^ j/um+C yyu~\^C yyy^^ iryu+3£ xxu^S, XX y 

- \r{u)eu - \g(u)e v = o, 



4/'£ 3 « - r(u) 2 e u - 2 Vuu + 2f(u)f uu + f yy + 2r'f yy + 8^ xu + 3£ 3 XX + 6r'£ 3 M 



+ 2r(«) (C 3 yy „ + 3£ 3 M „) = 0, 



3?7tm 6/ £ 3 « 3/(u)£ 3 uu 2^ 3 „y 2r £ 3 yy 2r(w)£ 3 yyu 12£ ^ 6^ 3 XX 

'f3 



6r'C 3 M - §r(u)t 6 xxu = 0, 



/(«)£ 3 « + ft ~ - 2 5 ( M )C 3 TO - Mu)e yy + fyyyy ~ 2? x ~ M^)f xx 

2r(u)£ xx H~ 2£ xxyy H~ £ a;a;a;x 0, 
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UUU uuuu ~r s yytm xuuu 

-\(i-ia>neu-\r{u)euu = ^ 

- 4%)^ - 2. 9 '£ 3 XX - 2. 9 (u)£ 3 xxlI = 0, 

4f'f u - 277„„ + 2f(u)e uu + A^yu + ^ 3 yy + Zg'fyy + 4? xu + f xx + ^' f 

+ g(u) (-r{u)f u + 2f yyu + 6f xxu ) = 0, 

2/'C 3 « - VUU + f{u)?uu + ^ 2 yu + 3h(u)f yy + ig'fyy + h{ U )f X X + 9 ' ^ x 

+ g(u) (3Z 3 yyu + f xxu ) - -g(u) 2 f u = 0, 
Q^yyu - g(u)Z\ - 2h(u)r(u)^ x + 4/"£ 3 x + 8/'£ 3 x „ - ^xuu + ^{u^xuu 

~h 8£ X yu X yy H~~ 2£ xxu 4/i( , u)^ xxx = 0, 

2/'C 3 « - Vuu + f(u)e uu + 2£V + h(u)e yy + Sr'fyy + 3r(u)e 3 yyu + 2? x 
+ 3/i(u)£ 3 xx + r'£ 3 xx + r(u)£_ 3 xxu - ^g(u)r(u)f u = 0, 

2/'£ 3 « - Vuu + f(u) fun + 2£V + g'^yy + Sr 'fvv + g( u )^yyu + 3r(u)f y 
+ 2£} xu + 3g'fxx + r'£? xx + 3g{u)^ xxu + r(u)f xxu = 0, 



2h(u)e v + 2g{u)e v u - ^yyyu + fx + 2r(u)£ 2 xtt ~ Sffxy ~ 16 ft* xyu 
+ 8Vxyuu - 8f(u)€" xyuu xyyu xxyu xxxu — 



£ u 4£ yyuu H~ £ a; 8./* £ x 24/ £ m ~h 2r(iz) ^ uu + £ 24/ £ x% 

+ 8r] 

xuuu xuuu xyyu xxuu 

r/ t - y, t, u)/' - f(u) 2 £ 3 u - g(u)j] yy + j] y y yy - r(u)r} xx + 2^^^ + ?7 XXXX 

~l~ fi,^) (jlu — C t "i" di,^)^ yy ~~ £, yyyy ~l~ — 2^ xxyy C 0) 



4.re 3 y - K")e 2 «n - - 3(«)e 3 yn + i2.re 3 a „ + i2fe yuu - 4 Vyuuu 

xyuu +2^ xxyu s u — 
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yUU ~\~ 2ft S, yy + 3£ yy U + 4£ xv 

+ 6ft'C 3 M + £? xxu + h{u) (-r(u)Z\ + 2f yyu + 6£ 3 XXU ) - ^g(u)f u = 0, 



2/"£ 3 x + 4/'£ 3 xu - 2 Vxuu + 2f{u)e xuu + Ae xy u + 2 9 'e 

»yy~ r s xxu 

- r(ii)s'£ 3 * + SC 1 ^ - \g{u) {f x + 2r(u)f xu - 4 (f xyy u + £ 3 XXX u)) = 0, 



SCyyu + 6/T, + 12/Tz„ - 6r/ xlm + 6/(u)£ 3 xu „ + 2£* X yy + 2r £ X yy + 9£ X ; 
+ 2£ 3 XXX + r(u) 2 £ 3 x „ - -r(u) (2f + (3 + 2r') £ 3 X - 4 (£ 3 XTO „ + £ 3 xxa;M )) 

+ 2r £ xxx = 0, 

2/"e\ + 4/'£ 3 „ u - g{u) (r'fy + ^We\u) + 2/(u)£ 3 y tm - ft(u)r(u)£% 

"~ ^Vyuu ~\~ £, yyu H~ 2r £ yyy -\- 2r('U)£ yyyu H~ 4£ a:yti + 3£ + 2r £ XX y 

H~ 2r('U)£ xxyu 0, 

ft( U ) 2 e 3 „ + 2. 9 ( M )ft'e 3 „ - 4/"'e 3 tl - effuu - 4/'<£ 3 um , + - f(u)e 



uuuu 

— \2h £ yy U 2/l £2:2; 4/i £ + h{ll) i^g{\l)^ uu — 2 ^3£ yyuu H~~ £ xraw)) 

_ _ Af 2 — n 

U/t C, yy yUUU U ) 

- + 9( u )^yy - £*yyyy - »7x + 2r( u )/' £ 3 s - 2r(u)r/ xu - ±f£? X yy + 4/^^ 

H~ f( u ) ( £ u ~t~ £ a; ~t~ 2r(w)£ — 4£ xyyu 4£ xxxu) £ :e:e:e:e H~ 

XX yy " a;a;a; H~ ^}xxxu 0? 



18.f £ 3 „ + 18/'e 3 « u - QVuuu + Qf(u)e u uu + 2r"e yy + 5f yyu + 4r'£ 3 TO „ 

— ^ yy uu xxwii)) 

15^ X X u 



+ I2r'f xxu - r(u) 2 e 3 utl - ^r(u) ((5 + 4r') e 3 n - 4 (C 3 ratl „ + 3^ 3 XX „„)) 



3^ yyuu v{v?jh £, x £ x H~ 6/ £ 2^ H - 6/* ^ xum 2,?]xuuu H - ^fi^)^ xuuu 

+ ^ 2 xy uu - ^(u)^ 1 ™ - ^ft(w) (^u + f x + 2r(u)f xu - 4£ 3 XW „ - 4^ 3 XXXM ) 

H~ 2/l ^ 2?yy H~ ^ xxiiu H~ 2/l ^ 2:0:0; 0? 
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6 5 "£ 3 - - 1r{u)g'eu + 6f"e u + 6f'? uu - 2 Vuuu + 2/( U )£ 3 utm + 4£ 2 ytm 
+ 2g £ yy + £ ieieu + 12g £ xxu — — g (u) u + 2r(u)£ utl — 4£ yyuu — 12£ X xuu) 

vv u ^9 £ yyy- 4£ xuu — 0, 



2g( u )ffy - C 2 t - 2/i(u)?7 y - 2g(u)r] yu + g{u)( 2 yy - 4:f'f yvv + ^ yyyu - £? yyyy 

f2 of,/„,\t3 o„(„.\c3 i /ie3 i ^3 \ of2 _ t2 

xxyy S xxxx 



- /(«) (C 2 « - 2/i(u)£ 3 y - 2 5 (m)£ 3 !/ „ + 4£ 3 TO!/ „ + 4C 3 ray „) - 2£ 2 XX!/!/ - £ 2 



6/"£ 3 y " .9(w) 2 e 3 a n + ^.f'fyu - GVyuu + 6f(u)t 3 yuu + ^\yu + 4h(u)fy yy 

+ ^fxXy ~ 9(U) (C 2 „ + 3h( U )fy + g'fy ~ 2fyyy U ~ 2^ 



xxyu ) 

^9 £ yyy ^£ a?a;y 0, 



2/" £ y ~h 6/" £ H - 6y £ yuu ^yjyuuu H~ 2,/*(i/)£ yuuu H~ 3£ yyuu H~ 2/i £ yyy 

+ 2/i'e 3 ^ - MO^s, - ^M") (C 2 « + 2.g(u)e 3 ^ - 4 (£ 3 yy ytt + <f 

+ ^XXUU - \g{u) {i 2 uu + 2h'fy) = 0, 



2r{u)^ x - r](x, y, t, u)r' - r{u)£? t + g{u)r(u)£_ 3 yy - 2ff yy + 2 Vyyu 

r('Zi)^ yyyy 4£ xyy H~ ^(w) £ X x &f £ &?]xxu 2r('U)£ xxyy ~~ 4£ a;:ca 

- r(u)£ 3 xxxx - /(u) (r(ii)C 3 n + 2C 3 y y„ + 6C 3 M «) = 0, 

5(w) 2 £ 3 yy - ?7(x, y, t, u)g' - g(u)f t + 2g(u)£ 2 y - 6f'£_ 3 yy + 6i] yyu - ^ 2 yyy 
+ g(u)r(u)f xx - 2f'f xx + 2rj xxu - f(u) (g(u)f u + 6f vyu + 2f xxu ) 

^(ti)^ yyyy 4^ XX y 2g(li)^ XX yy 9i^)£> xxxx — 0, 

9/"C 3 „ + 9/'C 3 „„ + 3f(u)e uuu + \2i 2 yuu + l^h'fyy + 3g"e vy + Gg'fyyu 
- 3i]uuu + 15h(u)£_ 3 yyu + 5h'£_ 3 xx + g"£? xx + 5h(u)£_ 3 xxu + 2g'£? xxu - ^g^) 2 ^ 3 ^ 

- hg(u) {5h(u)^ u + 2g'Z 3 u - 6£ 3 yyuu - 2^ 3 XXUU ) = 0, 



Ar{u)h'i 3 u - Wfu + gHfuu - 24/ "e uu - 16ff uuu + 4rj m - 8? yuuu 

4^(1^)^ uuuu 4/i ^ yy Sh ^ yyu — 6^ yyuu xuuu 12/l ^ 2^ xxwu 

24/i ^ a^^-u "i" 2/i(w) « 4" r(t/)^ uu 2^ yyuu 6^ a^^u-u) 0? 
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UU VllUU ~\~ f{ U )£, UUU ~\~ 2^ yuu ~\~ h £ yy + 3r £ yy + 6r £ yy U 

+ 3/i'£ 3 xx + r"£ 3 xx + 2r'f xxu + r(u)f xxuu - \g{u) (2r'£ 3 „ + r(u)f U u) 
— —h(u) (r{u)^ „ — 2 yyu + 3£ xxu)) + 3r(u)£ yyu« + 2£ xuu = 0, 



2Cx -Vu-Ct +9(u)e v y ~ 4/"e 3 w - Sffyyu+^yyuu - 4/(«)^ 

yyu ii S yyyy 

- 8^^ - 12/"<£ 3 XX + r(u) (4/'C 3 „ - 2 Vuu + 2/( u )£ 3 utt + 4^ x „ + f xx ) 

24/ £ a;^^ + ]^Tj xxuu — 12 / xxuu 2^ xxyy ~ :e:e:eu £ a:a:a:a: = 0, 

2<?M£V - r?(a;, y, t, u)ti + 2 3 (u)/'e 3 „ - g(u)r] uu + f(u)g(u)f uu - 6/"<e 3 yy 

yyu + SVyyuu ~ 6f(u)C : yyuu yyy<< 



WTyyu + QVyyuu ~ 6/(w)£ c yyuu yyyu - 2/"C,, - 1/T 

— h(u) {rju £ t 2£ y g{u)^ yy ~\~ £ yyyy ~t~ 2£ xxyy ~\~ xxxx) 

2/('u)£ xxuu 4£ xxyu 0? 
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